THE GLUING FORMULA OF THE REFINED ANALYTIC TORSION FOR AN 
ACYCLIC HERMITIAN CONNECTION 



RUNG-TZUNG HUANG AND YOONWEON LEE 

Abstract. In the previous work ([14]) we introduced the well-posed boundary conditions "P— Cn and 
7*+ Ci f° r * ne odd signature operator to define the refined analytic torsion on a compact manifold with 
boundary. In this paper we discuss the gluing formula of the refined analytic torsion for an acyclic 
Hermitian connection with respect to the boundary conditions V— ,£ and 'P+.,c 1 . In this case the 
refined analytic torsion consists of the Ray-Singer analytic torsion, the eta invariant and the values of 
the zeta functions at zero. We first compare the Ray-Singer analytic torsion and eta invariant subject to 
the boundary condition V—^Cn or "P+,Ci with the Ray-Singer analytic torsion subject to the relative (or 
absolute) boundary condition and eta invariant subject to the APS boundary condition on a compact 
manifold with boundary. Using these results together with the well known gluing formula of the Ray- 
Singer analytic torsion subject to the relative and absolute boundary conditions and eta invariant subject 
to the APS boundary condition, we obtain the main result. 



1. Introduction 

The refined analytic torsion was introduced by M. Braverman and T. Kappeler ([4], [5]) on an odd 
dimensional closed Riemannian manifold with a flat bundle as an analytic analogue of the refined com- 
binatorial torsion introduced by M. Farber and V. Turaev ([10], [11], [25], [26]). Even though these 
two objects do not coincide exactly, they are closely related. The refined analytic torsion is defined by 
using the graded zeta-determinant of the odd signature operator and is described as an element of the 
determinant line of the cohomologies. Specially, when the odd signature operator is defined by an acyclic 
Hermitian connection on a closed manifold, the refined analytic torsion is a complex number, whose 
modulus is the Ray-Singer analytic torsion and the phase part is the p-invariant determined by the given 
odd signature operator and the trivial odd signature operator acting on the trivial line bundle. 

In the previous work ([14]) we introduced the well-posed boundary conditions V-.c an d "P+,Ci f° r 
the odd signature operator, which are complementary to each other and have similar properties as the 
relative and absolute boundary conditions. We showed that the refined analytic torsion is well-defined 
under these boundary conditions on a compact oriented Riemannian manifold with boundary. In this 
paper we discuss the gluing formula of the refined analytic torsion with respect to the boundary conditions 
V-Xo an d 'P+Xi w h en the odd signature operator is given by an acyclic Hermitian connection. In this 
case the refined analytic torsion consists of the Ray-Singer analytic torsion, the eta invariant and the 
values of the zeta functions at zero. The gluing formula of the Ray-Singer analytic torsion with respect 
to the relative and absolute boundary conditions has been obtained by W. Luck ([21]), D. Burghelea, 
L. Friedlander and T. Kappeler in [9] (cf. [29]). The gluing formula of the eta invariant with respect 
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to the Atiyah-Patodi-Singer (APS) boundary condition has been studied by many authors, for instance, 
K. Wojciechowski ([32], [33]), U. Bunkc ([7]), J. Briming, M. Lesch ([6]), P. Kirk and M. Lesch ([17]). 
To use these results we first compare the Ray-Singer analytic torsion subject to the boundary condition 
V-x or f+,£i with the Ray-Singer analytic torsion subject to the relative or the absolute boundary 
condition. We next compare the eta invariant associated to the odd signature operator subject to V- t c 
or 'P+Xi w ifh the e ta invariant subject to the APS boundary condition. To compare the Ray-Singer 
analytic torsions we are going to use the BFK-gluing formula for zeta-determinants ([8], [18], [19]) and 
the adiabatic limit method. To compare the eta invariants we are going to follow the method given in 
[6]. These comparison results together with the well known gluing formulas lead to our main result. The 
boundary value problem and the gluing formula of the refined analytic torsion have been already studied 
by B. Vertman ([27], [28]) but our method is completely different from what he presented. 

Let (M, g M ) be a compact oriented odd dimensional Riemannian manifold with boundary Y, where g M 
is assumed to be a product metric near the boundary Y. We denote the dimension of M by m = 2r — 1. 
Suppose that p : m(M) — > GL(n, C) is a representation of the fundamental group and E = M x p C™ is 
the associated fiat bundle, where M is a universal covering space of M. We choose a fiat connection V 
and extend it to a covariant differential 

V : 0* (M, E) -> fl* +1 (M,E). 
Using the Hodge star operator * M , we define the involution T = T(g M ) : ST(M,E) -> O m "*(M,S) by 

q(q+i) 

rw:=! r (-l)— * M w, Luen q (M,E), (1.1) 

where r is given as above by r = It is straightforward to see that T 2 = Id. We define the odd 

signature operator B by 

B = B(W,g M ) := TV + VT: fl'(M,E) — > tl m (M,E). (1.2) 
Then B is an elliptic differential operator of order 1. Let N be a collar neighborhood of Y which is 
isometric to [0, 1) x Y. Any q-form co can be written , on N, by 

W = Wtan + du A w nor , 

where w ta n and w nor are the tangential and normal parts of co and du is the dual of the inward unit normal 
vector field du to the boundary Y on N. Then we have a natural isomorphism 

* : W(N,E\ N ) -+ C°°([0,l),n p (Y,E\ Y ) ®SV^\Y,E\ Y )), *(w t an + du A oj nol ) = (w tan , u nol ). (1.3) 

Using the product structure we can induce a flat connection V y : Q'(Y,E\y) — > 0* +1 (F, E\y) from V 
and a Hodge star operator *y : fl'(Y, E\y) —¥ ri m_1_ *(F, E\y) from *m- We define two maps /?, T Y by 

: W(Y,E\ Y ) -> W(Y,E\ Y ), 0{u) = (-1) p uj 
T Y ■.VL p {Y,E\ Y )^tt m - 1 -' p {Y,E\Y), T Y (Lu)=i r - 1 (-l) Ei ^ 11 *yoj. 
It is straightforward that 



/? 2 = id, r r r y = id. 



(1.5) 



THE GLUING FORMULA OF THE REFINED ANALYTIC TORSION 



3 



Simple computation shows that 



,y/ -1 \ „ ( \ _ , / 1 > Y 



r - r U o J' v 1i oJ v -Ho -ij v ■ (L6) 

Hence the odd signature operator B is expressed, under the isomorphism ()1.3[) . by 

s = -tfr y {(J J)va„ + (_° 1 1 )(v- + r-v-r-)}. (i.7) 

We denote 



so that 2? has the form of 

B = -/(d u + A) with 7 2 = -Id, 7^ = -^7. (1.9) 
Since Vg u V Y = \7 Y \7 du , we have 

® 2 = -(l i) v ^+(J ?)(v y + r-v-r-) 2 = (-vL + ^)( J J), (1.10) 

where 

b y = r Y v Y + v Y r Y . 

We next choose a Hermitian inner product h E . All through this paper we assume that V is a Hermitian 
connection with respect to h E , which means that V is compatible with h E , i.e. for any <p, tp G C°°(E), 

dh E {4>, tp) = h E (W4>, i/>) + h E ((j>, w). 
The Green formula for B is given as follows (cf. [14]). 

Lemma 1.1. (1) For € W(M,E), ^ G n m -i{M,E), (I>, ip) M = (<P, Ttp) M - 
(2) For 4> G Qfl(M, E), tp G Qi +1 (M, E), 

(3; for <p, ip G ft cvon (Af, £) or ft odd (M, £), 

V)m - (0, Bip) M = -(<han\Y, ipT Y (ip ta , n \ Y ))Y - (<Pxiot\y, i/3T Y (ip noi \ Y ))Y = (<P\y , {i^)\y)y ■ 

Remark : In the assertions (2) and (3) the signs on the inner products on Y are different from those in 
[14] because in [14] du is an outward unit normal vector field. 

We note that By is a self-adjoint elliptic operator on Y. Putting H*(Y, E\y) '■— kerSy, W (Y, E\y) is 
a finite dimensional vector space and we have 

n'{Y 7 E\ Y ) = ImV Y © Imr y V y r Y © H'{Y,E\ Y ). 

If V</> — rVT0 = for cp G Q*(M, E), simple computation shows that <p is expressed, near the boundary 
^,by 

(t> = y Y <Pt a n + <Pt a n,h + duA(T Y V Y r Y <P nm . + (t> no ^ h ), (P taUth , <pnar,heH'(Y,E\ Y ). (1.11) 
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We define K by 

ic := {4> t *n,h e I = rvr<^ = o}, (1.12) 

where has the form (jl.llj) . If <f> satisfies V0 = TVr^ = 0, so is r</> and hence 

t y ic = {ct> aoI , h g W(y, B|yr) | = rvr> = o}, (1.13) 

where <\> has the form (II. lip . The second assertion in Lemma 1 1 . 1 1 shows that K. is perpendicular to T Y JC. 
We then have the following decomposition (cf. Corollary 8.4 in [17], Lemma 2.4 in [14]). 

/C®r y /C = H'{Y,E\ Y ), (1.14) 

which shows that (%*(Y, E\ Y ), ( , )y, — i/?r y ) is a symplectic vector space with Lagrangian subspaces 
/C and T Y K. We denote by 



We next define the orthogonal projections V-,c , V+, Cl ■ 0,'(Y,E\ Y ) © fl*(Y,E\ Y ) -> Q'(Y,E\ Y ) 
n*(Y,E\ Y ) by 

t v (lmV Y ®}C\ ( lmT Y V Y T Y ®T Y K \ 

lmV - c ° = ( imv^e/c h lmV+ ^ = { imT Y v Y r Y ®v Y ic (L16) 



Then V- t c a i P+,Ci are pseudodifferential operators and give well-posed boundary conditions for B and 
the refined analytic torsion. We denote by Bv_ Co and B 2 q v _ c the realizations of B and B q with respect 
to P-,c Q , i-e. 

Dom(B P _, £o ) = {^ 6 n , (M,B)|P_ A Wy) = 0} ) 

Dom(^V., ) = {V>e^(M,£)|P_, £o (^| y ) = 0, 7>-,£ o ((£ty)|r) = 0}. (1.17) 

We define Bp +Cl , B^p c , # 2 abs , # 2 rcl and 2?n> , i?n< (see Section 3) in the similar way. The following 
result is straightforward (Lemma 2.11 in [14]). 

Lemma 1.2. 

kerBl v _ CQ = kerS 2 rcl = H"(M, Y; E), ker£ 2 p+ ^ = kertf 2 abs - H"(M; E). 

We choose an Agmon angle 9 by — | < 6* < 0. For 35 = V-.Ca or P+,Ci we define the zeta function 
Cb 2 _ 0) and eta function 7?b s (s) by 



Ce ^ (s) = F(7)./ ^ 1 ( Tre_<B ~ dimker ^ 2s ) 

1 /"OO . , 

It was shown in [14] that £ B 2 ^ (s) and ??B even (s) have regular values at s = 0. We define the zeta- 
determinant and eta-invariant by 
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logDet 2e ^ 2 s := -C' B2 (0), (1.18) 

??(£cvon,s) := \ (VB even ,v(°) + dimkerB evenjS ) . (1.19) 

We denote 

n q _(M,E) =ImVnO«(M,£), n q + (M,E) =lmT\7Tnn q {M,E), 

Q!jy en (M, E) = n q ± (M,E), (1.20) 

q— even 

and denote by B^ ven the restriction of B cvcn to il± en (M, E). The graded zeta-determinant ^>et gYt g(B cvcn .x>) 
of Seven with respect to the boundary condition D is defined by 

n f IU \ Det » ^ven.S 



u gr,f v^evcn.i; / / 

Det e (-B 



even, 2) 



We next define the projections Vq , Vi : fl'(Y,E\ Y )®n'(Y,E\ Y ) — > ft'CK, E|r)eO*(F, as follows. 
For e fl q (M,E) 

P My) = { V -^My) if <Z is even = fp + , £l (<^) if q is even 

^+,£i(</>|y) if Q is odd, [^-,£ (^k) lf 1 18 ° dd - 

We denote by 

l q :=dimkerfi^ ? , := dim/C n ker and l~ := dimT^/C n ker B Y>q , (1.21) 

so that l q = 1+ + 1^ and Z~ = Simple computation shows that log Det gr ^(£> ovon! -p_ ^ ) and 

logDetg r! g(,Beven,'P +i £ 1 ) are described as follows ([14]). 



(1) logDet gr , e (£ cvcn ^ £o ) - -J2(-l) q+1 -q-logDet 2 eBl~ o -inr ] (B even!V _ tCo ) 

q=0 

(m-1 r-2 \ 

^ m 

(2) logDetgr^Beven.-p+^J = ~^{-l) q+1 ■ q ■ \ogT>ct 2 e B 2 ^ - ill -q{B cvcn . V+ ^ 1 ) 

q=0 

(m-1 r-2 \ 

4 £ ^..(°) + X> - 1 - ^ '« )J • (1-23) 

To define the refined analytic torsion we introduce the trivial connection V trlvlal acting on the trivial 
bundle M x C and define the trivial odd signature operator S* v ™ al : O cvcn (M,C) -> fl cvcn {M,C) in the 
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\ogT v _^(g M ,V) 



log Det gI j(B 








(1.24) 



\ogT P+Xi (g M ,V) 



log Det gri e(2? 



'even,V+,c 1 




(1.25) 



The refined analytic torsion on a closed manifold is denned similarly. 

In this paper we are going to discuss the gluing formula of the refined analytic torsion with respect 
to the boundary conditions V—,c an d "P+.Ci- F° r this purpose in the next two sections we are going to 
compare the Ray-Singer analytic torsion and eta invariant subject to the boundary condition V—,c ( or 
~P+,Ci) w hh those subject to the relative and APS boundary conditions, respectively. 



In this section we are going to compare the Ray-Singer analytic torsion subject to the boundary 
condition P-,£ with the Ray-Singer analytic torsion subject to the relative boundary condition. For this 
purpose we are going to use the BFK-gluing formula and the method of the adiabatic limit for stretching 
the cylinder part. We recall that (M,g M ) is a compact oriented Riemannian manifold with boundary Y 
with a collar neighbrhood N = [0, 1) x Y and g M is assumed to be a product metric on N. We denote 
by Mi t i = [0, 1] x Y and M 2 = M — N. To use the adiabatic limit we stretch the cylinder part M\ t \ to 
the cylinder of length r and denote M\^ r = [0, r] x Y with the product metric and 

M r = Mi, T Uy r Mi with Y r = {r} x Y. 

Then we can extend the bundle E and the odd signature operator B on M to M r in the natural way and 
we denote these extensions by E r and B(r) (B — B{1)). We denote the restriction of B(r) to Mi iT , M 2 
by Sm 1iP , Bm 2 - It is well known (cf. [16], [2]) that the Dirichlet boundary value problem for B^ on M 2 
has a unique solution, i.e. for / + du A g £ ft q (M 2 , E\m 2 )\y,., there exists a unique ip € f2 9 (M 2 , E\m 2 ) 
such that 



Let T) be one of the following boundary conditions : V-^oi *P+,Ci> the absolute boundary condition, the 
relative boundary condition or the Dirichlet boundary condition. We define the Neumann jump operators 



Q q ,iMr), Q q ,2 ■■ n q (Y r ,E\Y r )®n"- 1 (Y r ,E\ Yr ) -> ^(Fr,^)®^- 1 ^,^) 

as follows. For / + du A g e ft g (Y r , E\ Yr ) © fl q ^ 1 (Y r , E\ Yr ), we choose <f> e Vt q (M 1 , r ,E\ Mltr ) and ip € 
n q (M 2 ,E\ M2 ) such that 



2. Comparison of the Ray-Singer analytic torsions 



B^ = 0, <P\ Yr = f + duAg. 



Bg,M 2 ^ = 0, 4>\Y r =il>\Yr = f + duAg, ®(<t>\ Yo )=0. 



(2.1) 
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Then we define 

Q,,i,J)W(/) = (V 9l »k, Q q , 2 (f) = - (V^VOk, 
where du is the inward unit normal vector field on N C M. We next define the Dirichlet-to- Neumann 
operator R q ^ (r) as follows. 

R q ^(r) ■. n«(y P ,£| r jefi«- 1 (yr,.Ek.) -> n^siyjefi'-^r.^k) 

i2g,»(r) = Q,,i,»W + Q?,2- (2.2) 
The following lemma is well known (cf. [18]). 

Lemma 2.1. (1) R„j}(r) is a non-negative elliptic pseudodifferential operator of order 1 and has the 
form of 



Rq.j}(r) = I V ' I _|_ a smoothing operator. (2-3) 



(2) kerR q ^ = {(f>\ Yr | G kerB^ }. 



We denote by r s ^ (& q m 2 d) tne restriction of $g(r) to Mi, r (M 2 ) subject to the boundary 

condition 2) on Yo and the Dirichlet boundary condition on Y r (the Dirichlet boundary condition on Y r ). 
We denote by B qSl (r) the operator B q (r) on M r subject to the boundary condition 3 on lo- Then Lemma 
11.21 shows that dim ker £? 2 j, (r) is a topological invariant. Let dim ker B q s (r) = fc and {t^i, • • • ,<Pk} be 
an orthonormal basis of ker B q <g(r). We define a positive definite k x k Hermitian matrix A qt s(r) by 

(r) = (dij), Oij = (^|y ,^-|y )y . 

Then the BFK-gluing formula ([8], [18], [19]) is described as follows. Setting l q = dimker By q , we have 

logDet 2 flBg iS (r) = logDet 2e # 2 Ml r s D + logDet 2e £ 2 M2 D + logDet 2e R q ,s>(r) 

-log 2- (C^ is (0) + Cs^CO) + i, + - logdet A q p{r). (2.4) 

The above equality can be rewritten as follows. 
Corollary 2.2. 

(1) log Det 2e B 2 q P _ Ca (r) = logDet 29 B\ Mx r<v _ ^ + logDet 20 B\ M ^ D + logDet 2 e R q ,V-, Co W 

- log 2 • (C B 2 ? (0) + ( B 2 Y q i (0) + i, + i,_ x ) - log det j4,,t>_ iJCo (r) 

(2) logDet 2e £ 2 P+£i (r) - logDetaeB* 

.Afi.r.P+.d.o + fogDet 2 e B q M . l D + logDet 2 e R q ,v+ , £l (?") 

- log2 • (C B = (0) + (0) + l q + l q -i) - logdet A q . 

(3) logDet 2e S 2 rel (r) = logDet 2(? S 2 

,Mi, r ,rei,D + log'Det 2 g B qM ^ D + logDet 2 g R q , IC \(r) 

- log 2 • (Cb^ (0) + Cb^_, (0) + lq + l q -i) ~ logdet A q , iel (r) 

(4) logDet 2e B* abs (r) = logDet 2e S 2 Ml>r ,ab s ,D + logDet 20 £ 2 m 2 ,.d + logDet 20 R q . ahs {r) 

- log2 • (C« (0) + (0) + Z g + |,_ x ) - logdet A ? , abs (r) 



8 



RUNG-TZUNG HUANG AND YOONWEON LEE 



Remark : The BFK-gluing formula was proved originally on a closed manifold in [8]. But it can be 
extended to a compact manifold with boundary with only minor modification when a cutting hypersurface 
does not intersect the boundary. 

We define fl q ± (Y,E\ Y ) similarly to (fl~2"0T) and denote B 2 ^ := B\ q \ 

n q ± (Y,E\ Y )- Simple computation 

leads to the following results. 



Lemma 2.3. The spectra of B 2 qMi ^ V j . g D , B 2 qMirV+LiD , B\ MxrXeXT) and B 2 qMir&hsD are given 
as follows. Let k — 1. 2, 3, ■ ■ • . 



(i) •Vc(«;u r ,.„) = {Vu + ft 2 } u {v 2j + (^) 2 } u {a, j + ( <*_i£) 

u(A 9 - lj + (fc^) 2 lu|&4 u(( 



r J 7+-L/+ k ' ) /-+/" 

(2) S P ec(Bl Mir ^ D ) = {V lj + (fc^) 2 } U {a 9 - 2j + (^^) 2 } U {a 9J + ft 2 



u + (— r u (-)^ u — ^) 



(3) ^ e c(B 2 iMl ,„rei, D ) = {Vu + tyf} U {a„ + (^) 2 } U I 



r 



u ^ + u (^) 2 [> u \ C—^) 



lq-1 

(4) Spec fa Ml , r , abs , D ) = |A 9 _ lj + (^-i^) 2 } U {a 9J + (^-I^) 2 } U 



- 1 ~ 

r 'J ^ /■ j I / 

u{w£>"}u{<£)»}^u{<<^1>!)« 

where each X q j runs on Spec ^By^ {(t") 2 }/+ means that the multiplicity of each (^f) 2 is l q . 
For each q we define 



Ca,,„(s) = H( A « 
X aiJ eS P ec(B?;+)fc=i V 

OO / 

A„, je Spcc(gJ + )fc=l V 



kn^ 2 * 



The following result is well known (cf. [22]). 
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Lemma 2.4. We put ^y,q{s) = 2 ^r(s) Cb 2 -+ ( s ~ i)- Then : 

(1) -ck„ N (o) = -re^(o)+ E loga + e- 2 ''^), 

A,,jeSpec(B^ + ) 

(2) -Ca„, d (0) = -r&„(0)- JlogDet(Bj+) + E log(l - x 



e 



A„, jG Spcc(B^+) 



Proof. The computation of — £ A d (0) was done in Proposition 5.1 of [22]. Using the Poisson summation 
formula, we have the following identity 



T 2 ^. l^ 2 f 1 / 1 



from which we can compute — Ca, n (®)- ^ 

Corollary 2.5. Putting C+(r) = Ux q:j eS P ec(B^+) ( X + ^vfe^T^j )' we have 
(-Ca 5 , n (0))-(-Ca„ d (0)) - ilogDet^+ +logC+(r). 

If we denote the Riemann zeta function by (r(s), it is well known that Cr(0) = — \ and Cj?(0) = — \ l°g 2tt, 
which leads to the following result. 

Lemma 2.6. Setting = Y%=\ )~ 2s and (2(5) = EkLi (^^) toe £(0) = -log2r 

and C 2 (0) = - log 2. 



Lemma 12731 together with Corollary 12.51 and Lemma 12761 yields the following result. 
Lemma 2.7. 

(1) log Dot (Bl Ml r , v _ CotD ) - log Dot (S^^rei^) = \ (logDet - logDet B*£_ 2> 

+ (logC+(r) - logC+ 2 (r)) + (l+ j - Z") logr 

(2) logDet (b* M] r. , : - logDet (b* M] ,,:./>) = (^-1 ~ ^ + ) lo S r 

m 

(3) £(-1)^ (log Det B 1 ~ - logDet E, 2 Mlr , rcl J = £ logDetB^+ + 2 £ IogC+(r) 



q=0 



E ( 2 9 + lK"- E (2a + lK + ) logr 

«=even g=odd 



(4) E(- l ) 9+1 H logDet ^ 2 M 1 ,.^^- l0gDet ^ 2 ^.-- 1 ^) = - £ lo s Det ^ - 2 E lo sW 

t/— q— odd g=odd 



+ [ E (2<Z + 1K + - E (2q + 1)1- \ logr 

■even q— odd 
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(5) ^(-l)« +1 g (logDetS 9 2 Mli .^ £oiI) -logDet^ 2 Mli . iroliZ5 ) - - X (Y, E\y) log r, 

q=0 



where x{Y,E\y) ■— 2g=o ' ^q ^ e Euler characteristic ofY with respect to H'(Y,E\y)- 

We finally discuss the Dirichlct-to-Neumann operator R q ^{r) defined by Rq : s(r) = Q q ,i,j)(r) + Qq,2, 
where D is one of V- t jr > ~P+,£i, the absolute or the relative boundary condition. The following lemma 
is straightforward. 

Lemma 2.8. R q j>_ Co (r), R q ,v + Cl ( r ) and R q , Te \{r) are described as follows. 



R q,V-,c {r) = Qq,2 + 



R q,V+,r. 1 0) = Qq.2 



Rq,rel{r) = Q q ,2 



&Y,q-l 



&Y,q-l 



®Y,q 



B Y,q-l 



2jB*e 



+ < 



2,/Bte 



/Blr- 



+ < 



2,/Ble 



1 

^ r 



+ < 



2,/Bte 



/«2 _ /r2 

1' +e V B V' 



on ImP_ £o n (kcrS 2 ,)- 1 - 
on ImP_,£ n kerSf, 
- on ImV+. Cl n (ker/? 2 ,)- 1 
on ImP +i £ 1 n kerSf- 

■ on ImP_ £o n (kcrSf,) 1 - 

on ImP_, £o n kerSf, 
on ImP+Xj n {kerBy) 1 - 
on ImP +i £i H kerBy 

on n« (y,£| y )© n« (y,£;| y ) 

on kerS y nW(Y,E\ Y ) 

on nr 1 ^,^)©^ -1 ^^) 

on k€arB^nn«- 1 ( y '.- B k) 



We next discuss linv_>.oo flog Det R q j>_ Co /v+ Cl ( r ) ~ logDet R q!Xe \(r)J when H q (M,Y; E) = {0} for 
each < q < m. The Poincare duality and long exact sequence imply that H q (M; E) = H q (Y; E\y) = 
for each < q < m. Then Lemma Tl. 2 1 and Lemma \2 . 1 1 show that R q ,-p~ c ( r )' R q,v+ c ± ( r ) an d Rq,m\(i") 
are invertible operators and 



lim R q V _ i-p (r) = lim Eg, re i(r) = 9 , 2 



®Y,q-l 



= Qq.2 + \A\. 



The kernel of Q 9j2 + |-4| is described as follows. For / e Q 9 (M 2 ,.E)|y, choose ip € Q q (M 2 ,E) such 
that # 2 V> = and V|y = /■ Then, 
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= (B 2 V, V>) = Btp) + ((B4>)\y, (7^)|r)y 

= (BV, B^) + ((V a > + ^)| Y , /) y 

= || #V II 2 - (Q,,a/, />y + <4f, (2.5) 

which leads to 

((Q g , 2 + \A\)f, f)y = \\B^f+((\A\+A)f,f) Y . (2.6) 

Hence, / € ker(Q g , 2 + |>l|) if and only if 6^ = and = 0. From the assumption H'(Y, E\ Y ) = 

A is an invertible operator, which shows that ip is expressed, on a collar neighborhood of Y, by 

ip = ^2 a j e" XlU <j) : j, where A<j)j=Xj4>j. (2.7) 

Xj <0 

Let Mqo := ((— oo, 0] x Y) Uy M%. We can extend E and £> canonically to M^, which we denote by 
Eoa and Boo. Then ip in (I2.7[) can be extended to as an I/ 2 -solution of B^. Hence, 

ker(Q g! 2 + |-4|) = {ip\y I ip is an L 2 -solution of in ^(M^,^) }. 

It is a well known fact (Proposition 4.9 in [1]) that the space of L 2 -solutions of B^ is isomorphic to the 
image of H* (M,Y; E) — > H'(M;E), which is zero under our assumption. This shows that (Qg,2 + \A\) 
is injective and hence invertible, which leads to the following result. 

Lemma 2.9. We assume that for each 0<q<m, H«(M;E) = W(M, Y; E) = {0}. Then 
lim log Det R q v _ ,jv + c A r ) = logDet lim R q ^ c \{r) = logDet (Q qa + \A\) . 



Corollary 12.21 and Lemma T2.7I together with Lemma [2.91 lead to the following result. 

Corollary 2.10. We assume that for each 0<q<m, H q (M ; E) = W(M, Y; E) = {0}. Then : 

m 771—1 

« ^EC" 1 )* 4 " 1 ? ' (logDet 2e B 2 ^(r) - logDet 2e £ 2 rcl (r)) = - £ logDet 2e B 2 >g . 

77i 1 m — 1 

( 2 ) ^E^ 1 )^? • (logDet 2e S 2 ^(r) - logDet 29 B\ rcl (r)) = -- £ log Det 2f? B 2 )( 

771 

( 3 ) ^E^ 1 )^ ' (logDet 2e 6 2 p _ £Q (r) - logDet 2e £ 2 rcl (r)) 

771 

= r 1 ™oE(- 1 ) 9+1 « • ( lo g Det 2 e Bl ?+ Ci (r) - logDet 2e £ 2 abs (r) 



g=0 

The following lemma is well known (cf. [4], [20]). 
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Lemma 2.11. Let M be a compact manifold with boundary Y and N be a collar neighborhood ofY. We 
suppose that {gf | -So < t < S } is a family of metrics such that each g^ 1 is a product metric and does 
not vary on N . Let D be one of the following boundary conditions : Vq, V\, the absolute or the relative 
boundary condition. We denote by B 2 q s (t) the square of the odd signature operator acting on q-forms 
subject to D with respect to the metric gf . IfH"(M;E) = H«(M,Y;E) = {0} for each 0<q<m, then 
we have 

We fix So > sufficiently small and choose a smooth function f(r, u) : [0, oo) x [0, 1] — > [0, oo), (r > 1) 
such that 

supp u /(r, u) C [S , 1 - S ], / f(r,u)du = r-l, and /(l,u) = 0. 

Jo 

Setting F(r, u) = u + J Q U f(r, i)dt, F r := F(r, •) : [0, 1] — > [0, r] is a diffeomorphism satisfying 

for < u < S 

F r {u) = < 

1 ■ r- 1 for I -So < u < 1. 

Let g*? be a metric on M r :~ ([0, r] x Y) U{ r } x y M 2 which is a product one on [0, r] x Y. Then F*g^ 

( F'(u) 2 \ 

is a metric on M, which is j on [0, 1] x Y. Hence, F*q^ is a metric on M which is a 

V g Y ) 

product one near Y. Furthermore, (MjF^g^ 1 ) and {M r ,g^) are isometric. Let B(r) and B(r) be the 
odd signature operators defined on M and M r associated to the metrics F*g^ and gfr, respectively. We 
now assume that for each < q < m, H*(M;E) = H g (M, Y; E) = {0}. Then B 2 v {r) and B 2 q ^{r) are 
invertible operators. Lemma [2.111 leads to the following equalities. 



q=0 



^(-ir +1 • q ■ (logDet 2e B(r)2 - - log Det M B(r)» r 



q=0 



^(-1) 9+1 ■ q ■ (log Det 2e B 2 ~ (r) - log Det 2e B\ rel (r) 



q=0 



m — 1 



= r ll S E(- 1 )' +1 • 9 ■ ( lo g D et 2e B^(r) - logDct 2e B\ rel (r)) = i £ logDet 2e Bj-,,. 

<j=0 q=0 

Similarly, we have 

m ^ m — 1 

• 9 • (logDet 2e S 2 ~ - logDet 2e B 2 rcl ) = -- £ log Det 2e B 2 -,. 

9=0 9=0 

Corollarv l2.2[ Corollary |2.10[ the Poincare duality and the above equality lead to the following theorem, 
which is the main result of this section. 
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Theorem 2.12. Let (M,g M ) be a compact Riemannian manifold with boundary Y and g M be a product 
metric near Y. We assume that for each < q < m, H q (M ; E) = H q {M, Y; E) = {0}. Then : 



m— 1 



111/ I I L | l(t _1_ 

(1) ^(-i^-g-logDe^S 2 - = ]T(-1) 9+1 ■ q ■ logDet 2e B\ rol + - £ logDet 29 ^, 

<?=0 <?=0 <?=0 

m m 1 m— 1 

(2) ^(-l^.g.logDetMBj^ = • 9 • logDet 2e B\ re] - j ^ logDet^B^ 

q=0 g=0 9=0 

(3) E("!) g+1 ' « ' l0 § Det ™ S ^-, £o = E(-!) 9+1 ' « ' lo S Det ^ S ? 2 v + , Al 

q=0 <?=0 
rn m 

= ' 1 ■ logDet 29 B 9 2 rcl = ]T(-1)" +1 ■ q ■ logDet 2e £ 2 abs 

g=0 q=0 



3. Comparison of the eta invariants 

In this section we are going to compare the eta-invariant r)(B cvcn _-p_ c ) with ?/(B CV cn,n> £o ), the eta- 
invariant of £> CVO n subject to V- ; c and the generalized APS boundary condition n>.£ , where n> : 
f2 even (M, E)\y — > £l even (M, E)\y is the orthogonal projection onto the space spanned by the positive 
eigenspaces of A (cf. (|1.8|l ). For this purpose we are going to follow the arguments in [6] strongly. 
Throughout this section we write the odd signature operator acting on fi even (M, E) by B rather than 
Bovcn for simplicity. We begin with the descriptions of Imn> and ImV- as graphs of some unitary 
operators. 

H cvcn (Y,E\ Y ) 
H odd {Y,E\ Y ) 

Then the action of the unitary operator 7 splits according to the following decomposition. 



We denote by (fl cvcn (M, E)\ Y )* the orthogonal complement of ( " , odd L' J { ) in (O cvon (M, E)\ Y ). 



7 :(^ vcn (M,£;)| y )*® ( vZdZ'^l) "> (n even (M,E)\ Y )*®( ^dT' £h ' 



H odd (Y,E\ Y ) ) v v ' niJ \ H (Y,E\ Y ) 

Since 7 2 = - Id , we denote the ±i-eigenspace of 7 in (n cvcn {M, E)\ Y )* by (n cvcn {M, E)\ Y )* ±i , which 
are 



(ST vcn (M, E)\ Y )* ±i = _L_I(Oeven (M)£;) | r) *_ (31) 

It is a well known fact that ImII> and ImV- are expressed by the graphs of some unitary operators 
from (n cvcn {M,E)\ Y )* +i to (ft even (M, E)\ Y )*_ .. When restricted to (ft cvon (M, E)\ Y )* , B Y is an invertible 
operator and we denote its inverse by {B Y ) 1 ■ In view of (ll.3[) we define C/n>, U-p_ as follows. 



U n> , U v _ : (O even (M, E)\ Y )* +l -> (O even (M, E)\ Y )*_ l 



(3.2) 
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U n> = (B 2 Y )-HV Y + T Y V Y T Y ) ( _° - 1 
U V _ = (Bf.)" 1 ({&)- - (£$)+) ( I [), (3.3) 

where (Bj.)- := V y r y V y r y : fil(y, J5|y) -> n*_{Y,E\ Y ) and (£^) + := r y V y r y V y : fl' + {Y,E\ Y ) -> 
n^.(Y", J5|y). Then {/ n> and J7p_ are well defined fDO's and their adjoints are given by 

U^, U* v _ : {^{M.E^yU -> (tt ovcn (Af,£)| Y )^ (3.4) 



= (^)-*(v y + r y v y r y )(_° 1 / 
= (fif-r 1 ((^r - (#) + ) ( I [)■ 0.5) 

The following lemma is straightforward. 

Lemma 3.1. (1) Both E/n> and U-p_ are unitary operators satisfying 

Un> U n> = U£_ U v _ = Id, 7 U n> = - U u> J, 7 U v _ = - U v _ 7. 

(2) Imll > ( Imn< ) and ImV- ( Im7 7 + ) are graphs of [/n> ( ^ Uyi > ) and U-p_ ( — U-p_ ), respec- 
tively, i.e. 

Imn> = {x + C/ n> X I x G (O even (M, i?)|y)^J, Imn< = {.t - [/ n> z | z G (ft cvc "(Af, 
Im?_ ={x + U v _x I a G (Q even (M, E)\ Y )* +i }, lmV+ = {x - U v _x \ x G (n ovon (M, 

(5) C/n> anticommutes with U-p_ in the following sense, i.e. 

c/ ri> c/ P _ = - v* v _ u u> , u u> u^,_ = - u v _ . 

We define P(9) : (Q even (Af, E)\y)* -> (fi ovon (M, £7)|y)V b y 

P(0) := J7 n> cos6» + V v _sinB, (0 < (9 < |). (3.6) 

Then P(0) is a unitary operator satisfying the property (1) in Lemma 13.11 and a smooth path con- 
necting f/n> and U-p_. We here note that the orthogonal projections n>, P_ : (£l even (M, E)\ Y )* +i © 
(fi cvcn (M, E)\ Y )*_i -> (ft cvcn (Af, © (ft cvon (A-f, J5)|y)* i are expressed as follows. 



1/ Id W \ „ „ 1 / Id Ui 



n> = ;i ~ "?> p*, p- = = \ „ :?- p* 



2 V C/ n> Id / " 2 1 Id 



THE GLUING FORMULA OF THE REFINED ANALYTIC TORSION 15 

where V* is the orthogonal projection onto (fi cvcn (M, E)\ Y )* ■ Let C = ^ ^ ^ n (Sl cvcn (M, £)| y ) and 



A = ( r ^jn (0— (M,£)| y ) so that £ © A = ^ Jodd^'^) J' Wc dcnotc ^ ^° and ^ 
the orthogonal projections onto £o and £1. We define the orthogonal projections V-,c an d n>x on 
n cvcn (M,E)\ Y as follows. 



V-,c ■= V-+r Ca , n>, £o := n> +V Ca (3.7) 

We define V+,d an d n<,/; 1 in the same way. Similarly, we define the orthogonal projection P{9) by 

P{6) := ^ p ^ ^* ) + V Co = n>cos6 + VsmO + cos9 - sm9) V, + V Ca . (3.8) 

P{9) satisfies the following properties. 

Lemma 3.2. (1) 7 P{9) = (I - P{6)) 7, and P(9)B Y = B Y P(9). 
(2) P{6) A P{6) = cos9 \A\ P{9) = cos9 VW) P{9). 

Proof. : The proofs are straightforward. For the second statement we may need the following identities. 

n>7>_n> = in>, P_n> + n>p_ = (v_ + n> - \i<^jV*. 

□ 

Lemma 3.3. Lei Bp^ be the realization of B with respect to P{9), i.e. 

Dom (#p (0) ) = {4> £ H 1 (n cvcn (M,E)) \ P(6)(<f>\ Y ) = 0}. Then Bp (g) is essentially self-adjoint. 

Proof. : It was shown in [24] (cf. [12]) that the adjoint ^Bp^^j is the realization of B* = B with respect 
to the boundary condition (j — P(9)^j 7*, i.e. 

Domf^J* = {(f) £ H 1 (tt cvcn (M,E)) \ (j - P(6^J 7*(</>| y ) = 0} = Dom (Bp {e) ) . 
Hence, it's enough to show that Bp^ is a symmetric operator. For <f>, ip £ Dom (jBp^^j , 

(Bcf>, 1>) M - (0, BV)m = (4>\y, i(4>\y))y 

= ((I - P(0My, 1(1 - P{6)) {My))y = ((I - P(9My, P(9)j W\y))y 
= (P(9)(I-P(9My, *yW\y))y = 0, 



which completes the proof of the lemma. 



□ 
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Setting 



it is straightforward that 

U(6)P(0)U(6)* = P{6). (3.9) 

Moreover, setting 

T(9) = -iO^ U ^ n > jj^., (3.10) 
T(0) is a self-adjoint operator and we have 

exp{iT{9)} = 17(0). (3.11) 

T(0) satisfies the following property. 

Lemma 3.4. T(0) commutes with 7 and Sy 7 i.e., 

7 T(6>) = T(6>) 7 , S^T(6>) = T(6) B$. (3.12) 

Remark : Contrary to the case of [6], T{6) does not anticommute with A. 

Let </> : [0, 1] — > [0, 1] be a decreasing smooth function such that <\> = 1 on a small neighborhood of 
and <fi = on a small neighborhood of 1. We use this cut-off function to extend T(9) defined on 
n cvcD (M,E)\ Y to an operator defined on fl cvcn (M,E). We define * e : fl CVCD (M,E) -> n cvcn (M,E) by 

*o(w)(a;) = e'* (l)T(9) w(4 (3.13) 
where the support of <j>(x)T(Q) is contained in iV, the collar neighborhood of Y\ 

S P(S) 



Lemma 3.5. tyg is a unitary operator mapping from Dom (j3p( )j onto Dom (j3p^ 

Proof. : Clearly tyg is a unitary operator. Let P(0)cj(0) = 0. Then 
P(0)(*,w)(O) - U(6)P(0)U(ey {e^ x ™uj) | x=0 

= C/(0)P(O)e- lT ( £ ') (e^ (a;)T(e) w) | x=0 - tf(0) (p(O)w(O)) = 0, 
which completes the proof of the lemma. □ 

We now consider the following diagram. 

Dom(Sp (0) ) -J!^ n cvcn (M,E) 

Dom(Sp (e) ) ^ ovcn (M,7;) 
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Setting B{9) := %Bp {g) ^ ei 

B{9) : Dom (Sp (0) ) ->• ovcn (M,£) 
is an elliptic *DO of order 1 with a fixed domain Dom (Bp^ ^j and have the same spectrum as Bp^y 
We next discuss one parameter family of eta functions t]b(0) ( s ) defined by 



VB(0)(s) = f71 ± r) J Q t^Tr(B(6)e- tB W 2 )dt. (3.14) 
If r]B(0)( s ) has a regular value at s = 0, we define the eta invariant rj{B{9)) by 

V(B(9)) = \ (%(«)(0) +dimkcr£(0)) . (3.15) 

For < 6» < f , there exist c(0 o ) > and 5 > such that c(9 ) i Spec for 9 - S < 6 < 6 + S. 
We denote by Q{9) the orthogonal projection onto the space spanned by eigensections of B(9) whose 
eigenvalues are less than c(9) for 9 — S < 9 < 6* + S. We define 

1 f°° r i 

me) (s ; c{6)) = Y, ^n{\)\\\- s = — T tt / Tr { (/ - Q{9)) B{9)e~ tB ^ } dt. 

\\\>c{6) H — )J0 <■ J 

Then t]b(0)(s) — Vb(b) ( s i c ($)) is an entire function and 

J (%(*)(*) + dimkcr£(0)) - 1 %(J) (a ;c(9))\ (3.16) 
does not depend on 9 for O — 5 < 9 < 9 + 6 up to mod Z. Simple computation shows that 

^ me) (s;c(9)) (3.17) 
= y^iy jf ^ Tr (-Q{9)B{9)e-^ef + {I _ Q(fl)) | (B( fl)c -«W')) a 

= rTsry/o ^ ^ (-^""l * " ^ J & {v - QW) (B(o) e -w)} dt, 

where Q(9) and B(9) are derivatives of Q{9) and i3(6*) with respect to 9. Furthermore, we have (cf. [14]) 

Tr (-Q(9)B(9)e-^ 2 ) = 0, J™ Tr (Q(9)B(9)e-^ 2 ) dt} = 0. 

These equalities imply that 



^% w («;c(f)) = -j^ry^^Tr^e-^^t + F^), 

where F(s) is an analytic function at least for Res > —1 with F(0) = 0. 



(3.18) 
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Recall that 

B(6) = ^* e Bp {0) ^ e = e-^^-fidx+Ay^T^. (3.19) 
Using the fact that T{6)T'{6) = T'{6)T{6) and Lemma 131 we have 

B(0) = e - l ^ x)T(e) (i4>'(x)jT'(6) - i<p(x)jT'(d)A + icj>{x)^AT'{6)) e l ^ x)T(e \ (3.20) 
which leads to 



Tr 



(£(0)e- te(e)2 ) = Tr {(i0'(x)7T'(0) - i^x^T '(6), A] ) e~ tB im } . (3.21) 



Since the support of <j> is in [0, 1], the support of B(9) is in [0, 1] x Y. Let B cyl be the odd signature 
operator defined by (|1.7|) on [0, oo) x Y. The heat kernel of y&pL^ was computed in [6] as follows. 

-~t(H r ' yl \ 2 1 / (x-y) 2 ~ (ic + v) 2 \ i a2 

e \ *■•■>) (x,y) = (4art)-T e -1 ^ + (J - 2P{6))e~^- I e - fA 

+(**)"* (/ - P(6)) J™ e- i - £± ^ L A(6)e I ^ z - tA2 dz, (3.22) 

where A{6) := (7 - P(0))A(I - P{6)). The standard theory for heat kernel ([1], [3]) implies that the 
asymptotic expansions of Tr (B(9)e- tB ^ 2 ^ is equal to that of Tr (B cy \e)e~^ B ° Yl{ - 6) T\ up to (e"f) for 

some c > 0. With a little abuse of notation we write B cyl by B again. Equation p.21|) leads to the 
following equality. 



Tr 

i 



'Ant 
i 



(i<j>'(x)-fT'(6)e tB ?(»)) (3.23) 
4>'{x)dx Tr (yT'(6)e- tA2 ^ 

4>'{x)e-^dx Tr (jT'(6){I - 2P{6))e~ tA2 ^ 

^'(ije-T Tr [jT'{e)(I - P{6))A{e)e A ^ z ~ tA2 } dzdx. 



Jo Jo 



Lemma O and Lemma EU imply that Tr (jT'(0)(I - 2P(6))e~ tA2 ) = 0. Shut ,,(.)•) 1 near r = 0. 
the third integral decays exponentially as t — > + . Hence, 



Tr 



(V(x) 7 T'(0)e~* B ^>) = -^=Tr( 7 T'(fl)e' u2 )+0(e-f). (3.24) 
We refer to p. 456 in [6] for the proof of the following equality. 

A(9)e A(e)z - tA2 = (-cos6)\A\(I - P(6))e- cos9 \ A \ z -- tA2 . (3.25) 

Then, we have 
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/Ant 



/Ant 



Tr (-i<f>(x)i[T'(6), A]e t£ ^«>>) (3.26) 
cj>(x)dx Tr (y[T'(e), A}e~ tA ^ 

(t>(x)e~^dx Tr 0y[T'(9), A]{I - 2P(9))e- fA2 ^ 

^We" 1 ^ Tr {~f[T'(6), A]{I - P(0))(-cosd)\A\(I - p(0)) e -^se\A\z-tA 2 j dzdx 



o 

oo />oo 



'nt Jo Jo 

(I) + (II) + (III) 



Lemma E3] shows that Tr h[T'(6), A\e~ tA J = 0, which yields 

(/) = 0, (77) = l -Tr(~f{r(e), A}P(0)e- tA2 ) +0(e-^). (3.27) 
Change of variables, Lemma 15721 and Lemma EOl show that 



(777) = 2l ™ S0 Vi I I ^(\/ta)e-(*+ 2 ) 2 Tr( 7 [T'(0), A\P(8)\A\e- 2V ~ tcose ^ z ~ tA2 ) dxdz. (3.28) 
V f Jo Jo v ' 

Since \A\ commutes with A, T'(0) and P(9), we denote 

d(X) := Tr ker( |_4|_ A ) (l[T'(9), A]P(6)) . (3.29) 



oo i>oo 



POO pQCj c\ 

{III) = -icosQ V d(X) / / 0(^)^=VtAe-^ + ^ 2 e- 2cose ^ A ^ tA2 d a; dz 

O^AGSpccd^l) J ° J ° ^ 

= -icosfl £ d(X) J -j=j e-^ 2 dxVt\e- 2cose ^ tXz - tx2 dz + 0(e- 



0^AeSpec(|^l|) 



poo 

icosO V d(A) / er/c(z)ViAe- 2cosev/ * A ^ tA2 dz + 0(e-T), 



(3.30) 



0#AeSpec(|.4|) 

2 f 00 



where erfc(x) :— ^= e y dy. To compute (7/7) more precisely we introduce the following concepts. 

Let A, B be classical pseudodifferential operators and A be an elliptic operator of positive order on a 
compact manifold. Then Tr (^Be~ tA ^ has an asymptotic expansion of the following type for t — > + . 



Tr(5e-' A J~ ]T a a , k (A, B)t a (logt) k . (3.31) 

Re a— >-oo 

When B commutes with A 2 and vanishes on kerA 2 , we define the eta function rj(A,B ; s) by 



1 f°° / \ 



dt 



E (Tiw^H^i^lAr- 1 . (3.32) 

|A|GSpec(|A|)-{0} 
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Then the noncommutative residue res is defined as follows ([30], [31], [15]). 

ies(B) := -2ord(A) a 0jl (A,B) = ord(A) Res s= _! r](A, B ; s). (3.33) 
The following is well known ([30], [6]). 

Lemma 3.6. If B is a classical pseudodifferential operator on a compact manifold with B 2 = B, then 
res(B) = 0. 

We now go back to (|3.30p . We define a function Fg(x) and its Mellin transform MFg(s) ( see [6] for 
details ) by 

/>oo />oo 

Fg(x)=x erfc{z)e- 2cos0xz ' x2 dz, MFg(s) — / x s - 1 F e {x)dx. (3.34) 
Jo Jo 

Using the inverse Mellin transform, we have 
(III) = —icosO 

J2 d(X) F g (VtX) + 0(e-*) 

0#AeSpcc(|.A|) 



2iri 



n osO d ( x ) J~ [ (VtXy w MF g (w) dw + 0(e~i) 

0#A6Spcc(|.4|) 2m JRow=c^Q 

U 0S - f *-f d(\) \- w MFg(w) dw + 0(e-^) 

i"T rj(A,-y[T'(e),A}P(d) ; w - l) MF g (w) dw + 0(e~*) 



Rc io=c»0 



2m 

-icostf • ResRc„< c (f? 77 7 [T' (0), -4]P(6>) ; w - l) MF 9 h) + 0(e - *). (3.35) 



Equations (pHoT) . (pT2T)) and (I33S1) show that 



Tr(-i<f>(x)j[T'(0), A]e~ m H^ = I Tr ( 7 [T'(#), ^P^e^ 2 ) 

icos(9 • Res Rc , i ,< c (t~ ^77 7 [T'(0), -4]P(6>) ; to - l) MF S («))) + 0(e _ f). (3.36) 



Equations (|3.21[) . (J3T24J) and p.36[) lead to the following lemma. 



Lemma 3.7 

Tr 



(/3(0)e- tB W 2 ) = -^=L Tr (jT'^e-^ 2 ) + % - Tr ( 7 [T'(0), ^P^-^ 2 ) 

Res Ro ™< c (V^fU.Tp 1 '^), + 0( e -*). 



/47rt 
icosb 



It is known that (|3.14[) has at most a simple pole at s — (Theorem 3.4 in [6]) and has regular values 
at s = for 9 = and ? (for the case of 9 = -|, see [14]). Moreover, .MPe^) has only simple poles at 
negative integers (Lemma 3.3 in [6]). The following lemma is due to [13] (cf. [6]). 
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Lemma 3.8. Let A and B be classical pseudodifferential operators of order a and b, respectively, on a 
compact manifold M with dimM — m. If A is a self-adjoint elliptic operator of positive order, then for 
t ->■ 0+, 

CO OO 

Tr (Se- M ' 2 ) ~ 2 aj (A, B)^ 2 ^ + J (bj (A, B) logt + Cj -(A, S)) t*. 
i=o i=o 

The equation (|3.18[) with Lemma \'S. 71 and Lemma \'S. 81 (cf. Theorem 3.4 and 3.5 in [6]) implies that 

^Res s=0%(e) ( s ) = Res s=0 - ^ «-i i{B(0),B(d)) = i res (nT'(0)) , (3.37) 

where a_i 1 {B{0),B(9)) is the coefficient of logi in the asymptotic expansion of Tr (j3(0)e~ tB ( 9 ^ 
for^0+. 



TWi 7 T'(0) e~ tA ~ ) = 0. 



Lemma 3.9. 

(i 7 T'(0) 

Hence, res (ijT'(6)) = and T}b(q\(s) has a regular value at s = /or eac/i < < 5. 

([/* [/ \ 
p - > P*. Using (3) in Lemma EU we have 

IV (, ;T W e->) - TV ( 7 ( ^ J ) = TV ( 7 ( » f - ) (.? » 1 

Since T y anticommutes with f(Sy) — (£>y) + ^, we have, by (|1.8|l and Q3.5p . 









c/ n> 







-tA 2 



0. 



2 

which completes the proof of the lemma. □ 
Since .Mi^to) has a regular value at w = 1, Lemma l3~7l and (|3.18p imply that 

^%(9)(0 ;c(ff)) - -A a_ h0 (B(6), 6(0)) (3.38) 

= --j= a_ i >0 (A *7[2 y (fl), -4]P((9)) + -j= cos6» • A1F fl (l) Res K , =1 (ij (U, *7[T'(0), -4]P((9) ; w - 1 
We note that 
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a_ h0 (A, i7[T'(8), A]P{9)) = ^Res s=0 (v (a, h[T'(9), A]P(9) ; 

= ^Res s=0 (r? (a, h[T'(9), {signA)]P{9) ; s- l)) 

= ^res(Vy[T'(0), (« 5 tU)]P(0)) . (3.39) 

Similarly, 

Re Sji , =1 (tjCA, i7[T , (d), -A]P(0) ; w - 1)) = Res w=1 (77 (U, i7[P'W, O»ffnX)]P(0) ; «, - 2)) 

= Rcs lu= _i (n(A, h[T'(d), (signA)]P(9) ; uA) 
= res (i7[T'(6»), (si0rM)]P(0)) . (3.40) 

The following lemma is straightforward. 



Lemma 3.10. 



T'(9)P(9) = (l-P{8))T'{9)~ 1 -^ _° w ™* )p*, 



where W := -U^sinS + U-p__cos9. 

Equations ([3351) . (|339"]l . (pOOl and Lemma [3TTU1 lead to the following result. 
Lemma 3.11. 

^B(fl)(0 : C W) = (-5 + ■ MF e (l)\ res (^[P'W, («flrU)]P(0)) = 0. 

Proof. We note that 

res (i<y[T'(6), (signA)}?(9)) = res (iiT'(9){signA)P{6)} -ves{i 1 {signA)T\9)P{9) 

We are going to show that res [i^T'{8){signA)P{9) s j = and res U'y{signA)T'{6)P{8)\ = can be 
shown in the same way. Since res is a trace, 



res U-yT 1 (9){signA)P{9)\ = ves (iP(9)jT \0){signA)P{6) 
res [i-f{I - P(9))T'(9)(signA)P(9)) 

res (z 7 (t'(8)P(9) + U _° w ™* ) P*) (signA)P(9)) 
res (i 1 T'{9)P(9){signA)P{9)) - X - res (7 ( _° w ™* ) V*{signA)P{9) 
cos9 res (i 7 T'(0)P(0)) - \ res (7 ( _ ™* \ V,(signA)P(9) 



THE GLUING FORMULA OF THE REFINED ANALYTIC TORSION 



23 



We note that 

res (iiT'(6)P(ej) = res (wT'(6){I - P(0))) = res (i-/T'(9)) - res (ijT 1 \6)F \ff) \ , 
which together with Lemma T3.9I shows that 



(i 7 T'(9)P(6)) = i res (hT'(9)) = 0. (3.41) 



We note that (sign A) = ( ^ ^ n> j V* and 7 anticommutes with (sign A) and ^ yy 



Hence, we have 












-w 


/ 



■P,(.s/V/„.4)/^)) n>s(,( ^* )-p. i (>7,//^)(/-7'(«)) ) . 



which shows that 












-w 


j 



V*{signA)P(6) 

1 res ( ^ f ° ]P*(«flifU)) = Jresff * „ H> ° ] 73, 



2 v v-wo y va 7 2 u iyvu n> 7 7 

The above equality with Lemma 13.11 and Lemma 13.61 shows that 

isinO ,„ . , , . 

= — res(P*) = 0, (3.43) 

which completes the proof of the lemma. □ 

For one parameter family of essentially self- adjoint Dirac operators Bprg\ (0 < 8 < |) we define the 
spectral flow SF(Bp (e) ) e€[a ^ ] by 

SF (#p (e) W[o,f] : = m + -m~, 

where m + (mT ) is the number of eigenvalues which start negative (non- negative) and end non- negative 
(negative). The following formula is well known (cf. Lemma 3.4 in [17]). 

V&P-^-viBn^) = SF(£p W W [0 , f ] + J' ^VB PW (P) dS. (3.44) 
Lemma \3 . 1 1 1 and the result of Nicolaescu (Theorem 7.5 in [17], [23]) show that 
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v(B v _^ o )- V (B n> _ Co ) = SF(B m ) eem] = Mas(P(0), C M ) eG[0 , f] , (3.45) 

where Cm is the Calderon projector for B on M and M&s(P(9), CM)ee[o,§ ] is the Maslov index for the 
path P(9) and the constant path Cm- We refer to [17] and [23] for the definitions of the Maslov index 
and Calderon projector. 

The unitary operators corresponding to the projection V+ is — U-p_ , which shows that for < 9 < -| 

is a smooth path connecting n>£ and P+,£ . Similar computation shows that 

viBv^-viBu^) = SF(Bp ( _ e) )eelo,%] = Mas(P(-0), C M ) 9e[Qti] . (3.46) 
Summarizing the above arguments we have the following theorem, which is the main result of this section. 

Theorem 3.12. Let (M,g M ) be a compact Riemannian manifold with boundary Y and g M be a product 
metric nearY. Then : 

(1) v{Bp_ tCo )-v(Bn >iJ:o ) = SF(B m ) ee[0 , §] = Mas(P(0), C M ) 9e[0 , §] . 

(2) viBv^-riiBn^J = SF(B ?( _ e) ) ee[0;f ] = Mbb(P(-0), C M ) ee[ o, f] - 



4. Gluing formula of the refined analytic torsion 

The gluing formula of the analytic torsion with respect to the relative and absolute boundary conditions 
([9], [21], [29]) and the gluing formula of the eta invariant with respect to the APS boundary condition 
([6], [7], [17], [32], [33]) are well known. In this section we are going to use Theorem 12.121 and Theorem 
13.121 together with results in [9], [6] and [17] to obtain the gluing formula of the refined analytic torsion 
when V is an acyclic Hermitian connection. 

Let (M, g M ) be a closed Riemannian manifold of dimension m — 2r — 1 and E — > M be a flat vector 
bundle with a flat connection V. We denote by Y a hypersurface of M such that M — Y has two 
components whose closures are denoted by M\ and M2, i.e. M — M\ Uy Mi. We assume that g M is a 
product metric near Y and that V is a Hermitian connection. Let du be the unit normal vector field on 
a collar neighborhood of Y such that du is outward on Mi and inward on M^. We denote by B M the 
odd signature operator on M and denote by B Ml , B M2 (Pi, E 2 , g Ml , g Ah ) the restriction of B M (E, g M ) 
to Mi, M 2 . We impose the boundary condition V+^a on Mi and V-,c a on M 2 . Then (TO^ and (Ti~2"3"|) 
show that 

logDetg^B^^) +logDet gr , e (B e ^ n>7 ,_ £o ) (4.1) 
= 2E(- 1 ) 9+1 -9-(logDet 2e (^i i ) 2 +logDct 2e (S A %) 2 )- i7 r (v(B^ v+Ci ) + v(B^ ca , v _,j) ■ 

9=0 
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Theorem 12.121 together with Theorem 4.3 in [9] (p. 36 in [9], cf. [21], [29]) leads to the following result. 

Lemma 4.1. We assume that for each 0<q<m,i = l, 2, m{M, E) = H«(Mi, Y; = H q (Mi; £7,-) - 
0. Then, 



\Y^{-iy +1 • q • (logDet^S^i) 2 + logDet 2e (S M | o ) 2 

9=0 

1 m 1 m 

- ]T(-1)<? +1 • q ■ (logDet 2e (^ bs ) 2 + logDet 2e (^ cl ) 2 ) = - £(-l)* +1 • q ■ logDet M (fl* 



Under the assumption in Lemma 14 . 1 1 Theorem 137121 shows that 

ti(B£) - r,{B™l) = Mas(P(0), C M J 0e[Qti] . (4.2) 

We next consider n{B^ h ) - r}(B™ x )- 

Since du is the outward normal derivative on a collar neighborhood 
of Y on Mi, to use Theorem 13. 121 we rewrite the odd signature operator B Ml near the boundary by 

B Ml = -((du + A) = --({-du - A). 

Here —du is the inward normal derivative to Y on M\. Since n<(_4) = n>(— .4) and I — P (9) is a path 
connecting n<(„4) and V+, Theorem 13.121 shows that 

ti(B%) - vK^iA)) = v(Bv+) - ^(KU-A)) = Mas(/-P(0), C Ml )ee[o,f]- (4.3) 
Equations (|4.2p and (|4.3p together with Theorem 8.8 in [17] show that 

n(B^) + 

= V (B^) + r)(B™*) + Mas(P(0), C M2 )ee[o^] + Mas(I-P>), C Ml ) ee[ o, f ] 

= V {B S ) + Mas(P(0), CM 2 ) ee[ o,f] + Mas(/-P(0), C Ml V[o, f] . (4.4) 

Lemma 4.2. Under the assumption of Lemma \4-1\ we have : 

Mas(P(0), Cjitf a ) flg[0lf ] = Mas(I-P(0), C Ml )e e [o,f]- 
In particular, n{B^ h ) + v(B^) = v(B^) (mod2Z). 

Proo/. We put M hr = Mi Uy ([0, r] x y), M 2 . r = Af 2 Uy ([-r, 0] x F) and Mi )0O = Mi Uy ([0, oo) x Y), 
M2,oo — M 2 Uy ((— oo, 0] x Y). We denote the extensions of B to M i>r , M ij00 by £>M iir , SM ij00 and denote 
the corresponding Calderon projectors by Cu i<r , and ImC]\i ir '•= -^M iirJ and lim r _ ) . 0O := Lm 100 
for i = 1,2. We also denote the orthogonal projection to Lm ( «, by Cm ; Under the assumption of 
Lemma 14.11 it is shown in [17] (p. 610 in [17]) that Lm ± x and Lm 2 x are Lagrangian subspaces and 
^M2,oo = 7-^a/i.oo- Hence Cm 2 = — 7^Afi i00 7- We define a homotopy (F(0, s), G(0, s)) on M 2 as follows. 

F(6,s) = P(9), G(0,s)=C M2i3 , (0<9<~, < s < oo). 



26 



RUNG-TZUNG HUANG AND YOONWEON LEE 



Then, (P(0,O), G(0,O)) = (P(9), Cm 2 ) and (P(0,oo), G(9, oo)) = (P(0), Cm 2 ,J). Since ker£ n> and 
kerSp_ are topological invariants (cf. Lemma [1.21 and Proposition 4.9 in [1]), the assumption implies 
that 

dim(kerF(0,s)nlmG(0,s)) = dim (kerII>(.A) n IniC M2 , a ) = 0, 
dim(kcrF(|,s)nlmG(|,s)) = dim (kcrP_ n ImC M2 , 3 ) = 0, 
which shows (cf. p. 587 in [17]) that 

Mas(P(0), C M2 )ee[oi] = Mas(P(0), Ca/ 2 , J ee[0 , f ]■ 

Similarly, we have 

Mas(J-P(0), C Ml )ee[o,%] = Mas(/-P(0), C Ml ,Jee[o,%] = Mas(- 7 P(0) 7 , -'yC Ml .«,7)fl6[o,f]- 
Hence, we have (cf. p. 586 in [17]) 

Mas(P(0), C M2 )e e [o,i] = Mas(P(0), Cw a . Js g [o,§] = Mas(- 7 P(0) 7 , - 7 Cm 2i0O 7)oe[o,f] 

= Mas(/-P(0), C MliOO ) ee[0 , 5] = Mas(I-P(0), C Ml )ee[o,^ 
which completes the proof of the lemma. □ 



Under the assumption of Lemma 14.11 the refined analytic torsion T^(g M , V) on M is defined by 
(Definition 10.1 in 



logT^(«7 M ,V) = logDet gr , e (B^ en ) + m (rank(P)) T](B^^ iyial ). 

The refined analytic torsion T Ml ^ v+ (g Ml , V) and Tm 2 ,V- {g M2 ; V) on Mi, M 2 with respect to the boundary 
conditions P + and V- are defined similarly (Dfinition 4.9 in [14]). Lemma T4.ll and Lemma [4.21 lead to 
the following theorem, which is the main result of this paper. 

Theorem 4.3. Let (M,g M ) be a closed Riemannian manifold of dimension m = 2r — 1 and Y be a 
hypersurface so that M — Ml Uy Af 2 - We assume that g M is a product metric near Y and for each 
0< q <m,i = 1,2, H 9 (M, E) = H«(Mi,Y;Ei) = H^M^E,) = 0. Then, 



\ogT^(g M , V) = - 5>1)" +1 • q • logDet 29 (Bf f - *vr V (B A J cn ) + tn(mnk(E)) V (B^ iv ^) 

3=0 
1 m 

= 2 • 1 ■ (logDet 29 (B M I ) 2 + logDet 2e (S M | o ) 2 ) 

— (^^J + ^^J) +-(rank(£)) (# e ^V#^)) 
= logT Ml ,P + (5 Ml ,V) + logT M2 ,P_(g M2 ,V) (mod 27riZ). 
Equivalently, we have 
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JfcGT.V) = T MuP+ (g M \V)-T M2 , v _(g M *,V). 
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